For a Dedekind domain O and a rank two co-torsion module M ⊆ O 2 with invariant factor ideals
Introduction
Projective spaces associated to ideals in commutative ring with unity are of immense interest in number theory and geometry. We explore here one such interest. For two fixed ideals L ⊇ K in a Dedekind domain O, the one dimensional projective space associated to the ideal I where K = LI forms a parameterizing space for co-torsion modules (of rank two) in O 2 . This is the content of the two main Theorems [Ω,Σ] of this article. As a consequence, they can be used for enumeration purposes if the projective spaces are finite sets (refer to Theorems [5. 1,5.2] ). In Theorem 5.2 we relate the three zeta functions ζ O K , ζ O 2 to Corollary 3.3) in terms of the zeta function of the one dimensional projective spaces over integers. By exploring the properties of these parameterizing spaces PF 1 I , I ⊆ O, we can also study the corresponding modules. For example we can re-interpret the Chinese remainder reduction map associated to a finite product of mutually co-maximal ideals, in terms of the intersection of such modules as given in Theorem 5.3. For the theory of Dedekind domains and modules over Dedekind domains refer to N. Bourbaki [2] , chapter VII, sections 2&4.
Statement of the Main Theorems
In this section we give the required definitions in order to state the main theorems of the article. 
(2) Invariant Factor Ideals: These ideals are defined as
(4) Projective Space Invariant Element: We will show later in Proposition 4.4 
I where I is given by the ideal factorization K = LI. Then there exists an O-submodule M O 2 which has the invariant ideals L ⊇ K and has the projective
Rank Two Co-torsion Modules over Principal Ideal Domains
In this section we consider rank two co-torsion modules M O 2 where O is a principal ideal domain. We prove in this section the analogue of main Theorems [Ω,Σ] for a principal ideal domains O and give one application in Theorem 3.2. For an ideal I = (d), PF 1 (d) is denoted by just PF 1 d as an abuse of notation even though d is defined up to an associate. 
. . p k r r (has to be a non-unit) then for any
basis for M. This also yields a construction of a unique co-torsion module M O 2 of rank two which has the invariant divisors d 1 , d 2 and has the projective space invariant
Proof. First of all we observe that the module M O 2 is a free module of rank two. Let {(s, t), (u, v)} be a basis of M. Then by reducing the matrix s t u v into smith normal form
Then this is a basis for M if and only there exists a matrix
which happens if and only if d 2
. This proves the theorem.
As a consequence we have the following theorem.
Theorem 3.2. The set of subgroups of Z 2 of finite index n is in bijection with the disjoint union of integer projective spaces
Under this bijection we have the following. 
(3) The number of subgroups of Z 2 of finite index n is σ(n), the sum of divisors of n.
Proof. If n = 1 the proof is trivial. So assume n > 1. The consequences (1), (2) are immediate and we will prove (3). For this we observe that for a prime p and k ∈ N, #(PF 1 p k ) = p k−1 (p + 1). We also have that the chinese remainder reduction map gives a bijection of the sets PF 1 m and
. . m r and gcd(m i , m j ) = 1, 1 ≤ i = j ≤ r (refer to Theorem 1.6 in C.P. Anil Kumar [1] ). Now (3) follows.
We give one more consequence of the previous theorem. Here we relate the zeta function of Z 2 with the zeta function of the one dimensional projective spaces over integers.
Corollary 3.3. For, s ∈ C, Re(s) > 2, we have the zeta function ζ Z 2 (s) associated to subgroups of Z 2 of finite index defined as
n s the usual zeta function.
The zeta function ζ PF 1 (s) of the one dimensional projective spaces over integers defined as
To prove the second equality we observe that
Preliminaries
In this section we prove some preliminaries which are required to prove the main theorem of the article for Dedekind domains. • Let p, q ∈ O with ideal factorization as given by 
Hence the proposition follows.
Now we prove two more useful propositions. 
is well defined and is a bijection.
Proof. Any element in PF
. This proves surjectivity. The map is clearly injective as well. Hence the proposition follows. 
This proves (1). Now we prove (2) .
Using the surjectivity of the following chinese remainder reduction map (Theorem 1.6 in C.P. Anil Kumar [1] )
. So using Theorem 3.1 we obtain that p
Hence by Proposition 4.2 it belongs to M. By the choice of p i we have t =
LM i . This proves the proposition.
Proof of the Main Theorems and Consequences
We prove main Theorems [Ω,Σ] of the article in this section. First we prove Theorem Ω.
Proof. Proposition 4.4 define a projective space element 
using Proposition 4.3. Now using the fact that O M i , 1 ≤ i ≤ r are DVRs and hence PIDs and using Theorem 3.1, we have that the module 
This proves the first main theorem. Now we prove the second main Theorem Σ of the article. 
Then the elements n 1 , n 2 ∈ M where
We also observe that
This proves that M M = O 2 M . So this module M has exactly invariants L ⊇ K. Also the projective space invariant element is [a : b] ∈ PF 1 I which can be checked by localization. Hence the second main theorem follows.
As a consequence of main Theorems [Ω,Σ] we have the following theorem which we state without proof.
Theorem 5.1 (Bijection/Enumeration Theorem). Let O be a Dedekind domain. Then there is a bijection of the set of co-torsion submodules (of rank two) in O 2 having fixed invariant factor ideals L ⊇ K with the projective space PF 1 I where we have the ideal factorization K = LI. 
